We present a substancially improved version of the method proposed in [1, 2] for finding critical points of the linear entropy for L-qubit system. The new approach is based on the corespondance between momentum maps for abelian and non-abelian groups, as described in [3] . The proposed method can be implemented numerically much easier than the previous one.
I. INTRODUCTION
In this paper we consider pure states of the quantum system consisting of L qubits. Throughout, we assume that considered qubits are isolated. Moreover, the only measurements which are available are restricted to the local one-qubit measurements and the allowed operations are the local unitary, K = SU (2) ×L , or SLOCC, G = SL(2, C) ×L operations. As an immediate consequence one does not need to know exactly the state φ ∈ H in order to calculate expectation values of the available local measurements. In fact, from a single qubit perspective, the necessary and sufficient information about φ ∈ H is encoded in one-qubit reduced density matrices {ρ 1 (φ), . . . , ρ L (φ)}. The knowledge of the reduced one-qubit density matrices allows one to define the total variance of state φ [1, 2, 4] , or equivalently the linear entropy at the state φ, E(φ). In this paper, for the system of L qubits, we aim to give a systematic and tractable method for finding critical points of the linear entropy. As was shown in [1, 2] critical points of E(φ) play an essential role in the classification of states with respect to SLOCC operations as they parametrize asymptotically equivalent G-orbits. In [1, 2] one of us [? ] outlined the method which in principle allows finding critical points of E(φ) for arbitrary system of both distinguishable and indistinguishable particles. To illustrate the method some low dimensional examples were we calculated. Here we substantially improve the method proposed in [1, 2] . Our improvement is based on the general theory of the critical points of the momentum map as presented in [3] . In particular it is based on the interplay between momentum maps for abelian and non-abelian groups.
The paper is organized as follows. First, in section II we review some useful facts concerning reduced one-qubit density matrices, linear entropy and its critical points. In particular we briefly describe the method proposed in [1, 2] . In section III we discuss the connection between the linear entropy and the momentum map. In particular we consider two momentum maps, for the action of local unitary group and its abelianization. Then, in section 4 we describe the implementation for L qubits.
II. THE LINEAR ENTROPY AND ITS CRITICAL POINTS
In this section we shortly review the relevant background informations concerning reduced one-qubit density matrices, the linear entropy and its critical points.
Let H = C 2 ⊗L be the Hilbert space of L-qubit system. Recall that reduced one-qubit density matrices,
, are the 2 × 2 density matrices that satisfy
for an arbitrary set of 2 × 2 hermitian matrices {A i } L i=1 which represents an observable measured on the i-th qubit. Let
where eachρ i is a diagonal 2 × 2 matrix whose diagonal elements are given by the increasingly ordered spectrum of ρ i . The map µ assigns to the state φ the collection of its (shifted) one-qubit reduced density matrices and the map Ψ the collection of their shifted spectra. Let {p i , 1 − p i } be the ordered spectrum of ρ i , that is,
. Under these assumptions the image Ψ(H) is known to be a convex polytope, defined by the set of polygonal inequalities [5] 
Note also that both µ and Ψ are defined on the complex projective space P(H) rather than H. This is because they are not sensitive to changes of the global phase and norm of state φ ∈ H. The knowledge of the reduced one-qubit density matrices allows one to define the total variance of the state φ [1, 2] , or equivalently the linear entropy at the state φ
The state φ is a critical point of E(·) if and only if the differential of E vanishes at φ, dE(φ) = 0. In order to characterize the critical points of E we define the local operators constructed from
As was shown in [1, 2] , φ is critical if and only if
The eigenproblem (5) is typically hard to solve as the matrix µ(φ) depends in the non-linear way on φ. Note, however, that the linear entropy is K-invariant function, that is, for any local unitary
Therefore, the critical points of E(·) form K-orbits. Moreover, each K-orbit in P(H) corresponds to one point in the polytope Ψ(P(H)). Thus the critical reduced one-qubit density matrices correspond to some subset of points in Ψ(P(H)). In fact this subset contains a finite number of points [3] . As was proposed in [1, 2] its determination can be reduced to the following procedure a. The method for finding critical reduced one-qubit density matrices as proposed in [1, 2] 1. For α ∈ Ψ(P(H)), where α = {α 1 , . . . , α L } construct the operator
where In [1, 2] the algorithm was applied to find the critical points up to three qubits. For two qubits there are only two critical points, i.e. the GHZ and the separable states. For three qubits we have the GHZ, separable, three bi-separable and the W states (see table 1 ). As pointed out in [1, 2] they are in 1-1 correspondence with SLOCC classes.
Critical α ∈ Ψ(P(H)) E(φ) − Finally, note that the considered problem has a permutation symmetry. More precisely, if
is critical then any permutation of its λ i s gives another critical α ∈ Ψ(P(H)). The main problem with finding critical points using the method outlined above steams form the need of considering all possible degeneracies in the spectrum of α. In the next sections we described the improved algorithm which is easier to handle as it preselects a finite set of α's which have chance to be critical points.
III. ABELIAN VS NONABELIAN
The maps µ and Ψ from section II have a nice geometric interpretation (see [6] for detailed discussion). The complex projective space P(H) is a symplectic manifold. The map µ is the momentum map for the symplectic action of K on P(H). The image Ψ(P(H)) is called the momentum polytope and its convexity is a direct consequence of the celebrated convexity property of the momentum map [7] . As shown in [1, 2] , the linear entropy is in fact (up to some irrelevant constant) given by ||µ|| 2 and therefore critical sets of µ 2 and E(·) coincide. The purpose of the following is to summarise results of [3] where critical points of ||µ|| 2 were studied for an arbitrary compact semisimple K. In particular we show how the problem gets simplified if one considers the action of maximal torus of K.
Suppose that a compact semisimple Lie group K acts on a compact symplectic manifold M . Let µ : M → k be the momentum map for this action, where k is the Lie algebra of K. To simplify the notation, the action of g ∈ K on x ∈ M will be denote by g.x. As shown in [3] (see also [1, 2] ), the function f := ||µ||
that is, when the fundamental vector field generated by µ(x) ∈ k and evaluated at point x vanishes. Let T be a maximal torus of K and t its Lie algebra. Consider the action of T on M and a corresponding momentum map µ T : M → t. As T is not semisimple µ T is not unique. One can, however, chose µ T to be the composition µ T : M → k → t of the unique momentum map for K-action on M , µ, with the restriction map k → t. The restriction map k → t is an orthogonal projection with respect to the K-invariant inner product on k. Therefore,
where α(x) ∈ t ⊥ . In the following we will consider this µ T only. For our choice of µ T we can define f T := ||µ T || 2 . Then x is a critical point of f T if and only if
that is, when the fundamental vector field generated by µ T (x) ∈ t and evaluated at point x vanishes. In the following subsection we give complete characterisation of critical points of f T . Then in subsection III B we explain how the knowledge of critical points of f T simplifies the problem of finding critical points of f .
A. Critical points of µT 2 We start by invoking the Atiyah theorem which gives characterisation of µ T (M ) [8] .
Theorem 1. Let M be a symplectic manifold acted upon in a symplectic way by a torus T . Let M T ⊂ M be the set of T -fixed points, i.e. points for which ∀t ∈ T t.x = x. The image A := µ T (M T ) consist of the finite number of points, called weights, and the set µ T (M ) = conv(µ T (M T )), i.e. is the convex hull of a finite set of points in t that are the image under µ T of the fixed points of T -action.
Note that by (8) one can equivalently say that x ∈ M is a critical point of f T iff it is a fixed point of the action of T β := {e βt : t ∈ R} ⊂ T , where β = µ T (x). Following [3] we define: Definition 2. For any β ∈ t, let Z β be the union of those connected components of the T β -fixed points for which
One can write (9) as
Therefore, all points that belong to Z β are fixed by the action of T β and mapped by µ T to the hyperplane in t containing β and perpendicular to the line from β to the origin. One can easily see that Z β is invariant under action of T . Indeed, if x ∈ Z β and t ∈ T then for anyt ∈ T β we havett.x = tt.x = tx, i.e. t.x is fixed point of T β . Moreover
as T commutes with t. Actually, Z β is a T -invariant symplectic submanifold of M [3] . Thus by theorem 1 the image µ T (Z β ) is the convex hull of the image under µ T of the fixed point set of T -action on Z β , i.e. is a subset of the finite set A. Summing up we have [3] :
for some x ∈ M . Then x is a critical point of f T if and only if x ∈ Z β . If this is the case then β is the closest point to 0 of the convex hull of some nonempty subset of the set A.
We will call β ∈ t the minimal combination of weights iff it is a closest point to the origin of the convex hull in t of some nonempty subset of the set of weights A.
B. Critical points of µ 2
Let t + be a positive Weyl chamber in t. K-orbits have the following property.
Lemma 4. Let K.y be an orbit of the K-action through y ∈ M . Then there is x ∈ K.y such that µ(x) ∈ t + .
Proof. By the equivariance property of the momentum map, that is µ(g.x) = Ad g µ(x), where Ad g stands for the adjoint action of g ∈ K on k, a K-orbit in M is mapped onto an adjoint orbit in k. But every adjoint orbit intersects t + in exactly one point [9] , which in turn means that there exists x ∈ K.y such that µ(x) ∈ t + .
Recall that critical points of µ 2 are given by some of K-orbits in M . By lemma III B every K-orbit contains a point such that µ(x) ∈ t + . Combining these two, in order to find critical points of µ 2 it is enough to investigate points x ∈ M such that µ(x) ∈ k + ⊂ t (the remaining critical points are obtained by the action of K). Let M (t + ) = {x ∈ M : µ(x) ∈ t + }. Note that by (7) for x ∈ M (t + ) we have µ(x) = µ T (x). By (6) and (8) this means that x ∈ M (t + ) is a critical point of µ 2 if and only if it is a critical point of µ T 2 . But we already know how to check if x is a critical point of µ T . By theorem 3 it is the case if and only if x ∈ Z β , where β = µ(x) is a minimal combination of weights. Let us denote by B the set of all minimal combinations of weights that belong to t + . For β ∈ B we define
is exactly the adjoint orbit of K through β. The following is now clear:
Theorem 5. The critical set of |µ 2 is a disjoint union of sets C β , where β runs over the finite set B.
Note that for some β ∈ B the corresponding set C β might be empty. After deletion of theses pathological β's we arrive with setB. In the next section we describe properties ofB for L-qubit system. Recall that in this setting, points ofB are given by spectra of the reduced one-qubit density matrices corresponding to the critical points of the linear entropy E(·).
IV. CRITICAL POINTS OF THE LINEAR ENTROPY FOR L QUBITS
Let H be the Hilbert space of L distinguishable qubits, H = (C 2 ) ⊗L . Let {|0 , |1 } be a basis in C 2 and {|i 1 ⊗|i 2 ⊗. . .⊗|i L : i k ∈ {0, 1}} the corresponding basis of H. The complex projective space M = P(H) is a symplectic manifold. We consider the action of the local unitary operations, K = SU (2) ×L on M . In this setting [6] , the momentum map µ : M → k assigns to an L-qubit state [ψ] ∈ M the collection of its one-qubit reduced density matrices
The maximal torus T ⊂ K consists of diagonal matrices of the form
The momentum map µ T : M → t assigns to a state [ψ] ∈ M a collection of 2 × 2 diagonal matrices whose elements are given by the diagonal elements of
Therefore, µ T (M ) can be identified with a subset of R L . The following lemma gives the description of this subset.
i.e. is a hypercube spanned on 2 L vertices.
Proof. By theorem 1, µ T (M ) is a convex hull of the image of T -fixed points. It is easy to see that only states |i 1 ⊗ . . . ⊗ |i L , where i k ∈ {0, 1} are T -fixed points. Applying µ T to them the result follows.
Therefore, the set B L for L qubits is given by the closest to zero points of convex hulls of the hypercube's vertices. Note that it is sufficient to consider 2, 3, . . . , L-vertex subsets of it. This follows from the fact that every l-dimensional convex polytope can be divided into l-dimensional simplices that have disjoint interiors. The closest point to the origin of such a polytope belongs to its boundry. Therefore it belongs to the boundry of one of the l-dimensional simplices and as such can be written as a linear combination of l vertices. Moreover it is also the closest point to the origin of the convex span of these l vertices. In our case l ≤ L and the result follows.
The above procedure of finding minimal combinations of weights for L = 3 is presented in figure 1 . Points v Bi lie in the centres of hypercube's faces, point v GHZ lies in the centre of the whole hypercube and µ(φ W ) is the closest to zero point of triangle marked with dotted lines. (|110 + |101 + |011 ).
Let us next consider the convex hull of the set of vertices α (1) , α (2) , . . . , α (k) . Any point from the convex hull satisfies
Our goal is to minimize the norm of the vector β and this way find β c ∈ B L such that the following
is satisfied. We apply the method of Lagrange multipliers. To this end, let us consider the Lagrangian
The conditions for the set of parameters a 1 , . . . , a k to minimize the norm of the vector β read
By differentiation of equation (20) one obtains the set of L + 1 linear equations for parameters a i and λ
Using the fact that β = i a i α (i) , one can rewrite equation (22) as
Equation (23) has a nice geometrical interpretation. As all vectors α (i) are of the same length, (23) means that cosines of the angles between every vector α (i) and vector β c are the same. Equivalently
Equation (22) can be written as:
Therefore set of equations (22) has a matrix form:
The matrix is symmetric (
) and the diagonal entries are 2α
Remark. Because all entries of matrix (26) are rational, it follows from Cartan's theorem that solutions a 1 , . . . , a k , λ are also rational. On the other hand, from equation (23) one has that ||β c || 2 = − λ 2 . Note that the critical value of the entropy is given by
and therefore it is a rational number.
The following lemma explains the relation between critical points for L and L + 1 qubits. In particular it shows that some of the critical points can be found in an iterative way. Proof. To prove the above statements one needs to show that points β c and β c are closest points to zero of the convex hulls of some subsets of vertices of A.
Consider the set conv{α
(1) , . . . , α (k) }, where
The squared norm of a vector from this set is
Note that k i=1 a i = 1, and hence β = β + 
Assume that critical coefficients, {a
, are sorted in a decreasing order, i.e. a 
where
L , 1/2). By straightforward calculation one checks that the coefficients a 
2α
(
where we used the fact that a Next we give the characterisation of the set Z β for L qubits. As noted in the proof of lemma 6 states that are mapped by µ to the vertices spanning A are exactly separable states of the form |i 1 ⊗ |i 2 ⊗ . . . ⊗ |i L . Moreover, each set µ T (Z β ) is the convex hull of some subset of vertices belonging to A. One may then expect that Z β is a complex projective space of the vector space spanned by separable states that are mapped by µ T on the vertices spanning µ T (Z β ). The following lemma shows that this is the case.
. . , α (k) be a subset of vertices of hypercube H = µ T (P (H)) that belong to the same hyperplane. Moreover, let β c be the closest to zero point of this hyperplane, i.e. ∀ i β c · α (i) = ||β c || 2 . Let us also denote by S ⊂ H a subspace spanned by separable states that are mapped by µ T on the vertices α (i) . Then Z βc = P(S).
Proof. We start with showing that P(S) ⊂ Z βc . To this end, we introduce the following notation. Vertices from A k are of the form
, where σ i l = (−1) (1−i l ) and i l ∈ {0, 1}. The separable state from S that is mapped by µ T on α (i) is the state
An element of the group T βc can be represented as a matrix acting on H
We will next show that all separable states from S belong to the same eigenspace of k t for any t ∈ R. Matrix k t acts on an arbitrary separable state from S in the following way
Note that sum appearing in the exponent in (32) can be written as
which means that it does not depend on i. Hence, all seperable states from S belong to the same eigenspace of k t with eigenvalue exp(2i||β c || 2 t). As a direct consequence, all states from P(S) are fixed by the action of T βc . We still need to show that for any |Ψ ∈ S, β c · µ T (|Ψ ) = ||β c || 2 . A state |Ψ ∈ S is of the form
The diagonal entries of the lth one-qubit reduced density matrix read
Therefore, the lth component of vector β = µ T (|Ψ ) is
Applying (35) to each element of vector β and using the fact that
Finally, let us calculate
which finishes the proof that P(S) ⊂ Z βc . The final step to prove equality of those sets is to show that Z βc ∩ P(H \ S) = ∅. Assume there exists |Ψ ∈ Z βc that does not belong to P(S). It follows that there exists at least one additional separable tensor,
∈ S that appears in the decomposition of |Ψ , i.e.
As state |Ψ is fixed by the action of T βc and T βc is diagonal in the basis of separable states, for arbitrary t ∈ R the state |a 1 ⊗ |a 2 ⊗ · · · ⊗ |a L belongs to the same eigenspace of k t ∈ T βc as the remaining separable states from P(S). Applying (32) to |a 1 ⊗ |a 2 ⊗ · · · ⊗ |a L one can see that the scalar product of α (a) = µ T (|a 1 ⊗ |a 2 ⊗ · · · ⊗ |a L ) and β c must be then equal to ||β c || 2 . This in turn implies that α (a) ∈ A k , which is a contradiction.
The method for finding critical values of ||µ|| 2 described in this section raises another issue. We know that critical sets of ||µ|| 2 are the K-orbits through sets Z βc ∩ µ −1 β c , where β c is a point from t + that is the closest to zero point of a hyperplane spanned by subset of vertices of the hypercube H = µ T (P (H)). In order to decide whether a critical value β c is in the image under µ of some critical set, one has to know that Z βc ∩ µ −1 β c = ∅. In the following, we show that this is the case for almost all critical values β c ∈ t + . Let us first prove a useful lemma.
Lemma 9. For β c ∈ t + , a closest to zero point of set conv α
Morever, if β c,m > 0 for all m then the one-qubit reduced density matrices of state |Ψ are diagonal which in particular means that µ(|Ψ ) = µ T (|Ψ ).
Proof. Calculation showing that µ T (|Ψ ) = β c is analogous to the one presented in the proof of lemma 8 (put c i = a c i in (34)). In order to show the remaining part assume that the m-th one-qubit reduced density matrix, ρ m (|Ψ ), is non-diagonal while all β c,i > 0. This implies that there exist such i, j that i-th and j-th basis vectors from (38) satisfy |i l = |j l for all l = m and |i m = |j m . These basis vectors are mapped by µ T to vertices α (i) and α (j) such that α
m . From the fact that β c is the closest to zero point, it follows that
As α
m and the remaining components of vectors α (i) and α (j) are the same, (39) can be satisfied only if β c,m = 0. This is a contradiction.
The theorem which we promised to prove is the following: Theorem 10. Let β c ∈ t + be the closest to zero point of the convex hull of some subset of vertices of the polytope Proof. The proof consists of two parts. First we consider the case, where all components of vector β c are greater than zero. In the second part we prove the theorem for β c belonging to the boundary of t + , i.e. when |{k : β c,k = 0}| = 0. a: Let α (1) , α (2) , . . . , α (k) be the set of vertices, for which the convex hull
is the closest point to the origin. Moreover, assume that β c,m > 0 for all m. One can construct state
. From lemma 8 we know that |Ψ ∈ Z βc and from lemma 9 it follows that the one-qubit reduced density matrices of |Ψ are diagonal. Thus µ (|Ψ ) = µ T (|Ψ ) = β c . Therefore, |Ψ ∈ Z βc ∩µ −1 β c . 
. Our goal will be now to use [Ψ] in order to construct a L qubit state, |Φ , that belongs to Z βc ∩ µ −1 β c . Equivalently, we want |Φ to be an eigenvector of matrix
where t ∈ R and to satisfy µ(|Φ ) = µ T (|Φ ) = β c . We will search for |Φ of the form
where|Ψ ⊥ is perpendicular to |Ψ , belongs to Zβ
When |Ψ ⊥ satisfies all these conditions, it is a matter of straightforward calculation to see that the one-qubit reduced density matrices of |Φ are ρ l (|Φ ) = ρ l (|Ψ ) for i = 1, . . . , M and ρ l (|Φ ) = One way to find desired |Ψ ⊥ is to construct such
Therefore, the action of k on [Ψ] gives
The condition |Ψ ⊥ |k.Ψ then reads
Equation (44) can be viewed as a problem of constructing a polygon with the lengths of the sides given and the angles parametrized by
. In other words, we have a set of complex numbers given by
and we want them to add up to zero (Fig.2 ).
FIG. 2: An example of the geometrical interpretation of equation (44).
The conditions sufficient to construct such polygon are:
1. the length of the longest side is smaller than the sum of the lengths of the remaining sides, 2. there are at least 2 sides and at most M sides.
The second condition means that the number of the angles of the polygon cannot be greater than the number of variables
parametrizing those angles. Note that the number of the sides of the polygon is equal to the number of the separable states that span state |Ψ . On the other hand, |Ψ belongs to the span of |B| separable states (see (40)), which is less or equal to M . Hence, the second condition is satisfied, provided that β c = figure 2 , which can't be made equal to zero. In other words, |k.Ψ = |Ψ for all k ∈ T . The following lemma shows that the first condition is satisfied as well.
Lemma 11. For a critical state |Ψ = i c i |i 1 ⊗ |i 2 ⊗ · · · ⊗ |i M whose all one-qubit reduced density matrices are not maximally mixed (β c,k > 0 for all k), the set {|c i | 2 } satisfies the polygon inequality, i.e. if |c max | 2 := max
Proof. Let us assume that (45) is not satisfied, i.e. that there exists such c max that
We will show that this leads to a contradiction, i.e. a state for which (46) is true cannot be critical. First, let us write matrix elements of each one-qubit density matrix
The condition β c,k > 0 is equivalent to
By (46), inequality (49) can be satisfied only if sum (48) includes term |c max | 2 , i.e.
Note that according to equation (50) |c max | 2 appears in the expression for the matrix element ρ On the other hand, one can checks by direct calculation that |Ψ belongs to the eigenspace of k t with eigenvalue exp 2it||β c || 2 (see again the proof of lemma 8). This is a contradiction, because those two eigenvalues are never equal.
V. SUMMARY
Using the correspondence between the linear entropy and the squared norm of the momentum map stemming from the action of the local unitary group, we constructed an easily implementable algorithm for finding maximally entangled pure many-qubit states. The main role in this construction is played by the fact that the critical points of ||µ|| 2 are the K-orbits through such critical points of ||µ T || 2 whose images under both moment maps are the same. The algorithm is in essence a description of points in t, identified with euclidian space R L , that are such images. We now give an explicit form of the algorithm. 
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For k ∈ {2, . . . , L}:
2a Choose a set of k linearly independent vertices of the hypercube, {α (1) , . . . , α (k) }. 2b Solve the set of equations (26) , . . . , 1 2 , 0 , up to permutations of vector components, Ec = , . . . , 1 2 to the list of critical values. 4
Return the list of critical values.
An exemplary state from the preimage of each point generated by this algorithm can be constructed, following the proof of theorem 10. In general, the whole preimages under µ of points from t + are multidimensional varieties, whose dimensions we calculate in [10] . In figure 3 we present the results of calculations for numbers of qubits up to 7. The number of critical values increases superexponentially with L, as can be easily seen from the plot. The presented algorithm reveals a close relation of the linear entropy critical points to the problem of classifying hyperplanes in hypercube [11] . Namely, each minimal combination of weights is a vector perpendicular to a hyperplane, which contains some vertices of the hypercube. For example, the minimal combinations of weights that are proportional to vector (1, 1, . . . , 1) correspond to hyperplanes whose intersection with the hypercube coincides with the convex hull of the vertices they contain. As
